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Abstract 
The average orientable genus of graphs has been the subject of a considerable number of 
recent investigations. It is the purpose of this article to examine the extent to which the average 
genus of the amalgamation of graphs fails to be additive over its constituent subgraphs. This 
discrepancy is bounded and the sharpness of these bounds discussed and compared to similar 
bounds for the minimum and the maximum genera of the amalgamation of graphs. The main 
result relies on permutation-partition pairs for its proof. 
1. Background 
A graph G is permitted to have both loops and multiple edges. If we view G as 
a one-dimensional CW complex, then an embedding of G is a homeomorphism of 
G into some closed oriented surface S such that the complement of the image of G in 
S consists of the disjoint union of open 2-cells. Since the surface is oriented, every such 
embedding induces at each vertex v of G a cyclic orientation R, of the directed edges of 
G that emanate from v. The set R = (R,) v E V(G)} is called a rotation system of G and 
two embeddings of G are considered to be equivalent if they define identical rotation 
systems of G. It follows that every graph G has the following finite number of 
embeddings: 
oel-j,, Cdedv) - II!. 
Initially, topological graph theorists focused their attention on the minimum genus 
of all the embeddings of G. Later, attention was given to the maximum genus of all the 
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embeddings of G. The last few years have seen a considerable amount of work on the 
average genus Y&G) of the graph G [5-8, 18-221. This is defined as the expected 
value of the genus when all the embeddings of G are considered to be equiprobable. 
The reader is referred to [l 1,15,24] for a more detailed discussion of all these 
concepts. 
Let G’, i= 1,2 ,..., a be a set of graphs, each of which contains a common set 
u = (ur,uz, . ..) uk} of vertices. The vertex-amalgamation of the graphs G’ over U, 
denoted by Ut,Gi, is the graph obtained by identifying the a distinct copies of 
U (Fig. 1). Both the minimum and maximum genera of u” G’ have been investigated 
and we now summarize the available information. 
Let y,(G) denote the minimum genus of G. It was proven in [4] that if U consists of 
a single vertex, then 
urn UuG’ = i$l YAG'). ( > (1) 
Subsequently, it was shown in [9,17] that if a = 2 and U has two vertices, then 
1 > Ym UuGi - i: Y,,,(@) 2 - 1. c j (2) 
\ / i=l 
In [3] Archdeacon constructed for each positive integer n two isomorphic graphs GL 
that contain the common vertex set U = {ul, u2, u3} such that 
- i$ Y,(GL) = n, 
thereby showing that the near additivity possessed by 1 and 2 point amalgamations 
does not hold when U has more than 2 vertices. 
Finally, it was shown in [23] that if a = 2 and U contains k 2 2, and if 
n = C,, r, &g&u) then 
(3) 
The maximum genus of the vertex-amalgamation of graphs has not received nearly 
as much attention. Paradoxically, that is probably because this parameter is much 
better understood. It is known [13] that if yM(G) denotes the maximum genus of G, 
and U has a single vertex, then 
- iil yM(Gi) = 0 or 1. 
Moreover, if G consists of two subgraphs G’, G2 connected by a bridge, then yU(G) = 
ye + YU(@) U41. 
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While the average genus is also additive over such bridges [lo], it is, in general, not 
well behaved, as demonstrated by the following example. 
Example 1. The expected number of regions in the random embedding of the bouquet 
B, that consists of q loops and a single vertex u was computed in Cl83 and on that 




q+l-ln2q-C o 1 = 3 4-m 2 
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where C = 0.577. . . is Euler’s constant. If we now view BZq as a l-vertex amalgamation 
of two copies of B, then it is easily seen that 
Y.&&,) - i ~~~~(4) = Wn 4). 
i=l 
This equation makes it clear that analogs of (1) and (2) above cannot hold for the 
average genus. On the other hand, the lower (and harder to derive) bound of (3) can be 
greatly improved for the average genus. 
2. The main theorem 
We now review some of the necessary terminology and concepts. With each edge we 
associate two arcs (directed edges). Each of this pair of arcs is considered to be its 
twin’s inverse, and we write d-’ for the inverse of the arc d. The set of arcs that 
emanate from the vertex u is denoted by D, and the set of all the arcs of G is denoted by 
D(G). A rotation at v is a cyclic permutation of D,, and a rotation system R of G is a set 
(R, I DE W)) w h ere each R, is a rotation at u. It is well known that the rotation 
systems of G are in a l-l correspondence with the oriented embeddings of G. The 
number of regions in the embedding of G that corresponds to the rotation system R is 
denoted by p(G, R). The average number of regions in all the oriented embeddings of 
G is denoted by p,,,(G). 
If U is any subset of the set of vertices V(G) of the graph G, then the set of arcs of 
G that emanate from a vertex of U and point at a vertex of V-U is denoted by a(U) 
and is called the boundary of U. If R is any rotation system of G, then Ext = Ext(R, U) 
is a permutation of a(U) that is defined as follows. Let d be any arc in a(U) and 
suppose that it belongs to the oriented boundary of the region Qi of the embedding 
determined by the rotation system R. If the oriented boundary of @ consists of the 
successive arcs d = dl,d2, d3, . . . , d, = d, let s be the first index # 1 such that 
d;’ E a(U). Then 
(d)Ext = d; ‘. 
It is clear from the definition that Ext maps a(U) into itself and the following example 
should convince the reader that Ext is necessarily a permutation of the boundary set. 
A formal proof of this crucial property can be found in [17, p. 1373. 
Example 2. The graph of Fig. 2 is understood to be embedded in the plane, the local 
‘rotation at each vertex is induced by the counterclockwise sense of the page so that the 
boundaries of the regions are assumed to have clockwise orientations. If U = {u, u, w} 
and a(U) = { 1,2,3,4,5,6}, then Ext = (1)(2 3)(4 5 6). 
The following lemma is a consequence of the fact that the action of the permutation 
Ext(R, U) depends only on the rotations of R at vertices outside U. 
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Fig. 2. 
Lemma 3. Let U be any set of vertices of the graph G. If R and R’ are any two rotation 
systems that agree at each vertex of V(G) - U, then 
Ext(R, U) = Ext(R’, U). 
The permutation Int = Znt(R, U) is defined in a similar manner. Let d be any arc in 
C?(U) and let @’ be the region of the embedding determined by the rotation system 
R whose oriented boundary contains the arc d - I. If the boundary of @’ consists of the 
successive arcs d-’ = dl,dZ,d3, . . . , d, = d-l, then 
(d)Znt = d,, 
where s is the first index # 1 such that d, E a(U). Just like the map Ext, the map Int is 
also a permutation of a(U). 
Example 4. For the embedding of Fig. 2, as described in Example 2, Znt = (16 5 4 3 2). 
The number of cycles in the disjoint cycle decomposition of the permutation P is 
denoted by 11 P 11. The following theorem, first stated and proved in [17], makes the 
purpose of the above definitions clear. 
Theorem 5. Let G be a graph, R a rotation system of G, and U a set of vertices of G. 
Then the number of regions of the embedding determined by R whose oriented boundaries 
contain arcs of a(U) is /I Ext(R, U)o Znt(R, U) I(. 
Example 6. As was seen in Examples 2 and 4, for the embedding of Fig. 2 we have 
Ext 0 Znt = (1). (2 3)(4 5 6) 0 (16 5 4 3 2) = (16 3)(2)(4)(5) and so II Ext 0 Znt I/ = 4. Note 
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that of the four oriented boundaries that contain arcs of a(U), one contains 1,6, and 3, 
and the other three contain 2, 4, and 5, respectively. 
The statement of the main theorem requires the definition of the following variant 
of the harmonic sum: 
Ill, = 0, hl = 1, h,=h,-,+A ford=2,3,.... 
Theorem 7. Let G, G’, i = 1,2, . . . , a be connected graphs such that G = UUGi, where 
u = {ul,uz,..., uk} is an independent set of vertices of G and suppose that 
dego(uj) = dj and degoi(uj) = di,j i = 1, . . . , a, j = 1, . . . , k. 
Then 
; ,$ i hd,,j- 1 2 L,(G) - jjl Y,,,@‘) - (a - l)(k - 2) 
1-i J-1 
2 
b - f ; hd,-1. 
j-l 
(4) 
Proof. Since the average genus is additive over the connected components of a graph 
we may assume that G and each G’, i = 1,2, . . . , a, is connected. 
When the Euler-Poincare formula is used to pass from the genus to the number of 
regions, the desired inequality is translated into 
For each rotation system R of G and for each i = 1,2, . . . , a, let R’ be the rotation 
system of G’ that is induced by R in the sense that 
R: = R, for each w E V(G’). 
If S is a fixed rotation system of some G’, then the number of rotation systems R of 
G such that R’ = S is 
d = n [deg,(v) - l]! 
” C UC’) 
and so it is independent of S. 
Let R be any rotation system of G. By Theorem 5, 
p(G, R) = II Ext(R, U) o Znt(R, U) II + IFI, 
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where F consists of all the regions of R that contain no arcs of a(U). Similarly, for each 
i=1,2 a, 3 . . . , 
p(G’, R’) = 11 Ext(R’, U)o Znt(R’, U) /( + JF’I, 
where F’ consists of all the regions of the embedding R’ that contain no arcs of a(U). 
Here Exr(R’, U) and Znt(R’, U) are permutations of a(U) n D(G’) only, rather than of 
all of a(U). Moreover, since each of the R’ is induced by R, and since U separates 
G - U into the pairwise disjoint subgraphs G’ - U, i = 1,2, . . . , a, it follows that the 
F’ are pairwise disjoint, F = ui F’, and hence 
(b-1 = i: (PI. 
i=l 
Consequently, 
p(G, R) - i ,o(G’, R’) = II Ext(R, U)oZnt(R, U))( 
i=l 
- jl II Ext(R’, U)o Znt(R’, U) /I. (5) 
Since each of the quantities /I Ext(R’, U) 0 Znt(R’, U) (I is positive it follows that 
,o(G, R) - f ,o(G’, R’) < II Ext(R, U)o Znt(R, U)ll. 
i=l 
Let R vary over all the rotation system of G with uniform probability. Then the 
expected value of p(G, R) is p,“,(G). Similarly, the expected value of p(G’, R’) is 
p&G’). To see this, fix i, fix a rotation system S of G’, and let R first vary over all the 
rotation systems of G such that R’ = S. Over this restricted set the expected value of 
p(G’, R’) is of course its constant value p(G’, S). Since the number of R’s for which 
R’ = S is the constant ai that is independent of S, it follows that the overall expected 
value of p(G’, R’) is indeed p&G’). 
To examine the expected value of I( Ext(R, U)o Znt(R, U) (I let R first be restricted so 
that R, is fixed for all w E V(G) - U. Since the permutation Ext(R, U) depends only 
on the values of R outside U it follows that Ext(R, U) remains a fixed permutation of 
a(U) as R varies over this restricted group of rotation system of G. On the other hand, 
since U is an independent set of vertices, the permutation Znt(R, U) is the composition 
Znt(R, U) = R,, 0 R,,o ... 0 R,,, 
where each R,, is a cyclic permutation of the arcs of G that emanate from Uj and all of 
the R,, are pairwise disjoint for j = 1,2, . . . , k. Moreover, each Ruj is in fact an 
arbitrary cyclic permutation of the arcs that emanate from Uj. Thus, we have here 
a permutation-partition pair (P, J7), where 
P = Ext(R, U) and ZI = {D,lj = 1,2, . . . , k} 
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and the underlying set S is a(U). Since )D,j( = dj, it follows from Theorem 1 of [21] 
that as R varies over this restricted group, the expected value of (1 Ext(R, U)a Int(R, U) 11 
is no greater than 
i ht,,-l. 
j=l 
Since this bound depends only on the degrees of the vertices in U, and is independent 
of Ext(R, U), it must clearly also hold as R varies over all the rotation systems of G. 
Consequently, 
pa&3 - i: ~av,(G’) < i hi-u 
i=l j= 1 
To obtain the other bound we return to (5) and observe that since 
(1 Ext(R, U) 0 Int(R, U) (1 is positive it follows that 
p(G, R) - i p(G’, R’) 2 - i IIExt(R’, U)dnt(R’, U)(). 
i= 1 i=l 
We proceed in a manner similar to that of the previous argument. Let i be fixed and 
restrict R so that its local rotations R’, are fixed at each w E V(G’) - U. Then 
Ext(R’, U) is fixed, whereas Znt(R’, U) can be any permutation of a(U) n D(G’) each 
of whose cycles equals one of the sets 
D(G’) n Duj j = 1,2, . . . , k. 
Hence, we again associate a permutation-partition pair (Pi, I7’) to Ext(Ri, U) 0 Znt(Ri, U), 
where 
Pi = Ext(R’, U) and fli = {D(G’) n ‘Duj (j = 1,2, . . . , k}, i = 1,2, . . . , a 
and the underlying set is D(G’) A a(U). Consequently, from [21, Theorem 11, as 
R varies over all the rotation systems of G, the expected value of each 
I(Ext(R’, U)o Znt(R’, U) j( is no greater than 
f: ki,,j- 1. 
j=l 
From this it immediately follows that 
p,vg(G) - i ~avg(@) 3 - i i h,,j-l. ??
i=l i=l j=l 
3. Conclusion 
We now examine the sharpness of the bounds of Theorem 7 in two examples. 
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Fig. 3. 
Example 8. The ladder L, is the Cartesian product of the path on n vertices with K2 
(Fig. 3). It is known [7,12] that 
3n - 5 
Ya&) = 7 + o(1). 
If each of the rungs of the ladder L, is subdivided, then the ladder may be viewed as 
the amalgamation of two isomorphic trees T. where the common subgraph U consists 
of the n (independent) subdivision points (see Fig. 3). Here, a = 2, k = n, and 
dj = 2 and di,j = 1 for i = 1,2, . . . , u j = 1,2, . . . , n. 
Thus (4) becomes 
n,3n-5 
/- 9 
+ o(1) - 7 3 -r 
2 
or 
n 2 -x+;+ o(l)> -I, 
and the lower bound is at least qualitatively sharp. 
We note in passing that [12] contains useful numerical information regarding the 
genus distributions of several small complete graphs and three infinite families of fairly 
simple graphs. 
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Example 9. Referring to Example 1 above, we have a case where 
y,,,(G) - i y&G’) - (’ - ‘y - 2, = O(ln 4) 
i=l 
and 
and so the upper bound of (4) is also qualitatively sharp. 
Example 10. Let G have a bridge e. If e is subdivided and G is regarded as a l-vertex 
amalgamation of two subgraphs G’ and G2, Theorem 7 implies that 
3 2 y,,,(G) - Y&G? - Y&G’) 3 - 1. 
However, it is already known [lo] that under these circumstances 
l/w&G) - ~aYavp(G~) - rav&G2) = 0, 
a result that, in the author’s opinion, reflects well on the very general bounds of 
Theorem 7. 
At the cost of some additional complexity, the connectedness constraint of 
Theorem 7 can be removed. We restate this theorem in this more general form below. 
The proof of this version is very similar to that of the original one, the only difference 
occurring in the transition from the genus to the region count. For our purposes here 
the interior of every region of an embedding is necessarily a 2-cell and, hence, if the 
graph G has c(G) components, then any embedding of it is necessarily an embedding 
into the disjoint union of c(G) orientable surfaces. If y denotes the sum of the genera of 
these surfaces, and p and q denote G’s vertex and edge counts, respectively, then the 
relevant version of the Euler-Poincare formula is 
p - q + r = 2c(G) - 2~. 
Theorem71 Let G,G’, i=1,2 ,..., a be graphs such that G = v vG’, where 
u= {u1,u2,..., uk) is an independent set of vertices of G and suppose that 
dego(uj) = dj and degoi(uj) = di,j i = 1, . . . , a, j = 1, . . . , k. 
Then 
f i i h+l b y,,,(G) - i$l yavp(Gi) - 7 - c(G) + i$l ‘(“) 
i=l j=l 
j=l 
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